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Introduction

State of the art

Linearizability
Many kinds of memories

safe/regular/atomic register
sequentially consistent memory
causal memory
PRAM
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CRDTs
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Consistent Shared Data Types: Beyond Memory

Abstract Data Types and Consistency Criteria

Update-Query Abstract Data Type

T = (U,Qi ,Qo,S, s0, µ, ϕ):
U: updates

Q = Qi ×Qo: queries
S: abstract states

s0 ∈ S: initial state
µ : S ×U → S: transition function

ϕ : S ×Qi → Qo: output function

∅

{1} {2}

{1,2}

I(1)

I(2
)

I(2
)

I(1)

D
(1)

D(
2)

D(
2)

D
(1)

E?(1)/⊥,E?(2)/⊥,D(1),D(2)

E?(1)/>,
E?(2)/⊥,
I(1),
D(2)

E?(1)/⊥,
E?(2)/>,
I(2),
D(1)

E?(1)/>,E?(2)/>, I(1), I(2)

Language L(T )

The words labelling a path starting from s0

Matthieu Perrin October, 2nd 2014 4 / 22
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Abstract Data Types and Consistency Criteria

Distributed histories

H = (U,Q,E ,Λ, 7→):
U,Q: update and query operations

E : events
Λ : E → U ∪Q: labelling function
7→∈ E × E : program order

∀e ∈ E , {e′ ∈ E : e′ 7→ e} is finite

•
I(1)

•
D(2)

•
E?(1)/⊥ω

•
I(2)

•
D(1)

•
E?(2)/⊥ω
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Abstract Data Types and Consistency Criteria

Consistency criteria

Sequential specification

L :
{

UQ-ADT → P((U ∪Q)?)
T 7→ L(T )

Consistency criterion

C :
{

UQ-ADT → P(H(U,Q))
T 7→ C(T )
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Some Examples

Sequential Consistency

Sequential consistency

SC : T 7→ {H ∈H : lin(H) ∩ L(T ) 6= ∅}

•
I(1)

•
E?(2)/>

•
I(2)

•
E?(1)/⊥

I(2) · E?(1)/⊥ · I(1) · E?(2)/> ∈ lin(H) ∩ L(T )

•
I(1)

•
E?(2)/⊥

•
I(2)

•
E?(1)/⊥

lin(H) ∩ L(T ) = ∅
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Consistent Shared Data Types: Beyond Memory

Some Examples

Pipelined Consistency

Pipelined consistency

PC : T 7→ {H ∈H : ∀p, lin(HUH∪p) ∩ L(T ) 6= ∅}

•
I(1)

•
E?(1)/⊥

•
D(1)

•
E?(1)/>

I(1) ·D(1) · E?(1)/⊥ ∈ lin(HUH∪p1) ∩ L(T )
D(1) · I(1) · E?(1)/> ∈ lin(HUH∪p2) ∩ L(T )

•
I(1)

•
I(2)

•
E?(2)/>

•
E?(1)/⊥

I(1) · I(2) ∈ lin(HUH∪p1) ∩ L(T )
lin(HUH∪p2) ∩ L(T ) = ∅
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Some Examples

Eventual Consistency

Eventual consistency

EC : T 7→ {H ∈H : Write4Ever ∨Converge}

Write4Ever ≡ |HU | = ∞
Converge ≡ ∃s ∈ S, |{qi /qo ∈ HQ : ϕ(s,qi) 6= qo}| < ∞

•
I(1)

•
D(2)

•
E?(3)/>ω

•
I(2)

•
D(1)

•
E?(3)/>ω

•
I(1)

•
D(2)

•
E?(1)/>ω

•
I(2)

•
D(1)

•
E?(1)/⊥ω

Independant of L(T )
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Some Examples

Update Consistency

Update consistency

UC : T 7→ {H ∈H : Write4Ever ∨Converge}

Write4Ever ≡ |HU | = ∞
Converge ≡ ∃Q′ ⊂ HQ finite: lin(HEH\Q′) ∩ L(T ) 6= ∅

•
I(1)

•
D(2)

•
E?(1)/>ω

•
I(2)

•
D(1)

•
E?(2)/>ω

•
I(1)

•
D(2)

•
E?(1)/>ω

•
I(2)

•
D(1)

•
E?(2)/⊥ω

All UQ-ATDs can be implemented in a partitionable system
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General Properties

Lattice of consistency criteria

C1 ≤ C2

C1 ≤ C2 ⇔ ∀T ,C2(T ) ⊂ C1(T )

PC ≤ SC, EC ≤ SC
correct with C1 ⇒ correct with C2

∀C, (C⊥ : T 7→H) ≤ C ≤ (C> : T 7→ ∅)

C1 + C2

C1 + C2 = T 7→ C1(T ) ∩C2(T )

(C ,≤,+) is a join-semilattice
∀C,C⊥ + C = C ∧C> + C = C>
EC + PC ≤ SC
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General Properties

Composition

•
I(1)

•
D(2)

•
E?(2)/>ω

•
I(2)

•
D(1)

•
E?(1)/>ω
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General Properties

Composition

Composition of types

0 1

wx (1)

wx (0)

wx (0), rx /0

wx (1), rx /1

×
0

1

wy (1) wy (0)

wy (0), ry /0

wy (1), ry /1

=

0,0 1,0

0,1 1,1

wx (1)

wy (1)
wy (1)

wx (1)

wx (0)

wy (0)
wy (0)

wx (0)

rx /0, ry /0
wx (0),wy (0)

rx /1, ry /0
wx (1),wy (0)

rx /0, ry /1
wx (0),wy (1)

rx /1, ry /1
wx (1),wy (1)

L(T1 × T2) = interleavings(L(T1),L(T2))

Composition of histories
H ∈ H1 ×H2 if E = E1 ∪ E2, HE1 = H1 and HE2 = H2
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Consistent Shared Data Types: Beyond Memory

General Properties

Composition

Composition of consistency criteria

H ∈ H1 ×H2 H1 ∈ C1(O1) H2 ∈ C2(O2)

H ∈ C1 ×C2(O1 ×O2)
C1 ×C2 ≤ C1

C⊥ ×C = C⊥, C> ×C = C

Composability

C composable if C = C2

EC = EC2

PC ≤ C ≤ SC ⇒ C 6= C2

C? = limn→∞ Cn = T 7→ ⋃
n∈N Cn(T )
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Consistent Shared Data Types: Beyond Memory

General Properties

Cache consistency

Cache consistency

SC?

•
I(1)

•
D(2)

•
E?(2)/>ω

•
I(2)

•
D(1)

•
E?(1)/>ω

∈
•

I(1)

•
D(1)

•
E?(1)/>ω

×
•

D(2)
•

E?(2)/>ω

•
I(2)︸ ︷︷ ︸

H∈SC?(S{1,2})
︸ ︷︷ ︸

H1∈SC(S{1})
︸ ︷︷ ︸

H2∈SC(S{2})

H(OR− set) ⊂ SC?(SN)

(S)EC ≤ SC?

UC(Set) ⊂ SC?(Set) but SC?(Stack) ⊂ UC(Stack)
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Causal Consistency

Causal memory

 is a writes-into order if:
∀e e′, Λ(e) = wx (n) and Λ(e′) = rx /n,
∀e, |{e′ ∈ E : e′  e}| ≤ 1,
for all e ∈ E such that Λ(e) = rx /n and there is no e′ ∈ E
such that e′  e, then n = 0.

H is M-causal if ∃ such that:
→= ( ∪ 7→)? is a partial order

∀p ∈PH , lin
(

H→UH∪p

)
∩ L(M) 6= ∅
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Consistent Shared Data Types: Beyond Memory

Causal Consistency

Causal consistency - definition

Causal consistency

CC : T 7→ {H ∈H : ∃(→p)p∈PH ,TO ∧ PO ∧ PC ∧CH}
TO ≡ ∀p ∈PH ,→p is a total order
PO ≡ ∀p ∈PH , 7→⊂→p

PC ≡ ∀p ∈PH , lin
(

H→p
UH∪p

)
∩ L(T ) 6= ∅

CH ≡ ∀p,p′ ∈PH , ∀e ∈ E , ∀e′ ∈ p,
(e→p e′)⇒ (e→p′ e′)

Causal order: →=
(⋂

p∈PH
→p
)
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Consistent Shared Data Types: Beyond Memory

Causal Consistency

Causal consistency - properties

Property 1
PC ≤ CC ≤ SC
CC2 6= CC

Property 2

If H ∈ CC(T ), there exists→ such that:

program order: ∀p ∈PH , lin
(

H→UH∪p

)
∩ L(T ) 6= ∅

data order: ∀q ∈ QH , lin
(

H→{u∈UH :u→q}∪{q}

)
∩ L(T ) 6= ∅
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Causal Consistency

Causal consistency - examples

•
I(1)

•
I(2)

•
E?(2)/⊥

•
E?(1)/>

•
E?(1)/>

•
D(1)

•
D(2)

D(1) · I(1) · I(2) ·D(2) · E?(2)/⊥ · E?(1)/> ∈ lin(HUH∪p1) ∩ L(T )
I(1) · E?(1)/> ·D(1) · I(2) ·D(2) ∈ lin(HUH∪p2) ∩ L(T )

•
I(1)

•
E?(2)/⊥

•
I(2)

•
E?(1)/⊥

I(1) · E?(2)/⊥ · I(2) ∈ lin(HUH∪p1) ∩ L(T )
I(2) · E?(1)/⊥ · I(1) ∈ lin(HUH∪p2) ∩ L(T )
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Conclusion

Sum up

(C⊥)

LC

PC CC CC + EC

EC SEC

UC SUC

SC? SC (C>)
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Conclusion

Data integrity

Type graph

a set V of vertices
a set E of edges
insert a vertex or an edge
delete a vertex or an edge

Integrity constraint (P)

At any time, if (v , v ′) ∈ E , then v ∈ V and v ′ ∈ V .
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Conclusion

Data integrity

1 class Graph
2 var vertices ⊂N← ∅;
3 var edges ⊂N×N← ∅;
4 · · ·
5 update Dv (v ∈N) /* delete vertex */
6 edges← edges \ (V × {v} ∪ {v} × V );
7 vertices← vertices \ {v};
8 end
9 << P;Dv(v);P >>

10 · · ·
11 end
12 void main ()
13 C < Graph > g;
14 · · ·
15 end
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